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ABSTRACT:

This paper modelled the eccentricity in three-phase
induction motors and the accompanying performance. The
geometry of three-phase asynchronous induction motor
was utilized to calculate dynamic electromagnetic torque
and inductances for the purpose of performance
improvement. The position-dependent variation of the
mechanical energy was applied to the rotor through the air
gap which generates the mutual inductance across the
stator-rotor circuitry. The entire six-by-six inductance
matrix modelled for the non-concentric three-phase
induction motor was analytically differentiated and used to
model the torque equation for the eccentric motor. The
approach was simulated in MATLAB and ratified with an
eccentricity degree of zero (non-existent) which tallied and
rhymed with that gotten for a healthy induction motor.
Results obtained show that an eccentric motor rotor does
not accelerate uniformly, but glitches and flickers
intermittently until it attains a maximum speed of about
320 rad/sec, whereas for the healthy motor, the rotor
accelerates uniformly from rest to peak giving rise to a
load-less motor speed of 0.33sec. For eccentricity degrees
greater than 0.7, the air gap function for a non-concentric
three-phase induction motor goes higher than 1.0 at some
points and hits zero at lowest values thereby validating that
the displacement of the rotor position from the normal is
directly proportional to the degree of eccentricity.
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1. INTRODUCTION:

In industrial applications, 35% 40% of
generated electrical energy is consumed by
electrical motors, (Nandi et al., 2005). Electrical
machines are  electromechanical  energy
converting equipment using electromagnetic

forces. They are broadly classified as motors and
generators, (Aderiano, 2006). An electrical motor
can either be a synchronous motor or
asynchronous (induction) motors.

The popularity of induction motors is due to their
robustness, high efficiency, and low cost
(Bouchikhi et al., 2013). Induction motors are
very reliable as they require minimal
maintenance and have high efficiency (Ferreira
& Almeida, 2006). Additionally, the wide range
of motor power ranging from hundreds of watts
to megawatt adequately satisfy most industrial
production processes (Almeida et al., 2014).
Besides, due to non-uniformity of the air gap
between stator-inner surface and rotor-outer
surface motor, eccentricity faults also occur.
Many researches on electrical machines
summarily show, that 80% of mechanical faults
lead to the rotor eccentricity, (Sen, 1999). Any
eccentricity in the machine will create excessive
mechanical stress and cause more fatigue in the
bearings (Stephan, 2005).

Basically, there are there types of eccentricities
and a hybrid in induction motors, viz:

1. Static Eccentricity: A rotor eccentricity

where the rotor rotates on its own axis but
not at the centre of the stator bore which
causes the 2-times supply frequency force
faults also occur. to act towards the
direction of the narrowest air gap
(Dorrell, 1993; Joksimovic, 2017). This is
shown in Fig. 1(a).
Dynamic Eccentricity: Here, the rotor
rotates at the centre of the stator bore axis
and not on its own axis, in which case the
minimum air gap rotates with the rotor
rotating frequency (Silwal et al, 2016).
This is depicted in Fig. 1(b)

ii.
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Fig 1 Two Basic Types of Eccentricity:
(a) Static (b) Dynamic (Chuan & Shek, 2016).

1ii.  Mixed Eccentricity: This precisely is the
detectable and locatable eccentricity in
real life because in a faulty induction
motor both the static and dynamic
eccentricities could be observed and
discovered (Arkkio et al., 2016). Really,
it simply means the hybrid/combination
of both static and dynamic eccentricities
(Polat et al., 2017). Effectively, in this
integrated situation of eccentricity, the air
gap status changes in two ways: one in its
severity and the spatial spread of the non-
uniformity.

The degree of eccentricity, &, is the ratio between
the mean air gap length, g0 and the length of the
eccentricity rotor misalignment, e. The degree of

eccentricity can be written as:
a

E‘ = e—
Eo

(1)

2. MATERIALS AND METHODS:

The development of phase variable model of
induction motors will naturally lead to an
analytical model that can be used for design and
performance prediction under all conditions.
Although the d-q model is popular and has found
enough applications in control and performance
analysis, it has limited applications when faults,
uncommon performances and performance under
eccentricity is concerned. The popularity of the
d-q model stems from the ease of performance
prediction in absence of dependence of
inductances on rotor position and the natural way
the model lends itself readily for steady-state
analysis. For clarity, even though it is well
known that self-inductances of stator and rotor
windings of polyphase induction machines are
independent of rotor position, the torque
producing components, i.e. the stator-mutual
inductances are clearly dependent on rotor
positions. It is this dependence that the d-q

transformation tends to eliminate. Eliminating
this dependence allows the model an ease of
interpretation and solution as several numerical
methods like Runge-Kutta, Heuns and several
other ones can come into play. But stripping the
machine model of this dependence relies on an
assumption that the air gap is always uniform
throughout the machine operation. This
uniformity does not obtain in practice since every
electric machine operates under some level of
eccentricity.

Eccentricity means the departure of the air gap
from this assumed uniformity. To establish a
benchmark, we first formulated the model of the
machine with a uniform air gap and then
modified this for eccentric conditions. For this
reason, we modeled three-phase induction motors
in the KW range as such machines usually have
high inertia rotor which are often susceptible to
eccentricity.

2.1 The Model of Uniform Air gap Polyphase
Induction Motor:

Fig. 2 shows the winding distribution for one
pole-pitch of the machine considered in this
model while Fig. 3 shows the conceptual
electrical diagram. Now, consider a three-phase
induction motor with distributed three phase
windings on the stator and another three phase
windings on the rotor as shown in Fig. 2. In Fig.
3, the stator windings are connected to the power
supply. It is obvious that the rotor windings must
be short-circuited if the machine will start
directly from line. In both the stator and the rotor,
the windings are co-phasally distributed, i.e. each
winding is displaced from one another by 120
degrees.

Obe (2010) established for any phase of the
three-phase windings of (2):

Where:

kan = distribution factor k,, = pitch factors q = the
number of slots per pole per phase 1, = the pole pitch
and W the coil width. For simplicity, we
considered only the fundamental component of
the
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Fig 2 One Pole-Pitch Winding Distribution of an
Induction Motor (Wasynczuk et al., 2013)
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Fig 3 Conceptual Electrical Circuitry of an Induction
Motor (Dorrell et al., 2013)

kwn = kdn . kwn =

windings and then assumed that each of the
windings is fully pitched (ky1=1). Based on these,
the MMF per ampere or winding functions of the
stator and rotor windings are:

Nys = Ngcos (Pr(f‘)) (4)
Ngs = Nscos (p;-(p - %T) Q)
N¢¢ = Ngcos (p?-(,o — %ﬁ) (6)

It is obvious from equations (4) to (6) that Nj is
the amplitude of the fundamental component of
the magnetomotive force (MMF) waveform for
the stator windings, the subscripts A, B, and C
relate directly to the phases A, B and C.

Nagr = N, CDS[ Pr ((P - 9?)] (7)

Noz = Ny cos[p, (9 — 6,) = ']

=y

Neg = Ny COS[ Pr (99 - 9?*) 3

©)

Here, 6, 1s the rotor circumferential position,
known as rotor position. The air gap function of a

normal induction motor is given by:

9(@,0,) = go (10)

Modeling of Inductances for Healthy 3-Phase
Induction Motors
Since the machine has three windings on the
stator, designated as AS, BS and CS and another
three on the rotor designated as AR, BR and CR,
there is thus:
i. a 3 x 3 matrix of stator inductances
denoted as Lgs,
a 3 x 3 matrix of rotor inductances,
denoted as Lrr
a 3 x 3 matrix of stator-rotor inductances,
denoted as Lgg and
a 3 x 3 matrix of rotor-stator inductances,
denoted as Lgg

ii.
iii.
1v.

The inductance expressions individually
derived and then put together to form the four
matrices identified above. Notably, (c) and
(d) above are the same and therefore we have
three inductance matrices to determine. Any
inductance of this machine can be deduced by
using the winding function theory which can
be simplified as:

2m N N

(11D

Where L, is the permeability of free space, R is
the effective radius of the air gap, L is the
machine stack length, Nx and Ny are the winding
functions for windings X and Y respectively
which depend solely on the spatial stator
circumferential position ¢ and g is the air gap
function which should depend on ¢ and position
of rotor 4,..

Stator Inductances
The self-inductance of stator phase A winding
can be readily determined from (10) as:
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Lasas = HoRL [} F 222452 4 (12)
— uoRL fgzn Ngcostpr@];Nsc-‘OSEprwl do (13)
e a4
Using similar approach, we can write that:
Lgsps = Leses = %ﬂg (15)
Lases = Lgsas = Lpscs = Lesps = Lases = Lesas (16)
2

Combining these inductances, stator inductance Lss

evolves as:
Lasas Lasss Lascs
Lgs = |Lpsas Leses Lpscs (18)
Lesas  Lesss  Leses
1
1 — —
2
1 1
=Lps|— 2 1 3 (19)
_r oy
2 2
2
Where: L,,, = “"Rgﬂ (20)
0

Rotor Inductances

Adopting (11) and a suitable combination of (7)
to (10), we can also obtain the rotor inductance
matrix via the same procedure and have Lgp as:

LA RAR LARBR L‘ARC R

Lrr = |Lsrar Lsrer Lsrcr (21)
Lcrar  Lerer  Lerer
1 -1 _1I
2 2
1 1
) 1 - > (22)
_r 1y
2 2
2
Where: L, = HoRLm Ni (23)

o

Rotor-to-Stator Inductances

Next set of inductance expressions to be derived
are the rotor-to-stator inductances (same as stator
to rotor inductances). It is this set of inductances
that link all components of the matrix mutual
inductances. These are obtained by combining
the stator and rotor MMFs with the air gap via

Journal of Newviews in Engineering and Technology (JNET)
Vol 2, Issue 1, March, 2020
Available online at http://www.rsujnet.org/index.php/publications/2020-edition

(11). We can find each one individually, again by
integration:

2N, %N,
Lasar(6y) = uoRL fg %933(@ do (24)
— u,RL J-027r NgC‘OS(Pr‘P)XA;QcoS(:pr((p—er)]dgo 25)
= £ cos (6y) (26)
Similarly, Lasgr will be:

27 Nas(@) xNpg (@)
Lasar(6r) = noRL fo Wdﬁo (27)
— uoRL [T Nﬁcos(pr¢]XNR;OS(Pr(Q"_Br)_23_”) dp (28

0
= FoR;ZNgNr cos (9?‘ + 23_1‘7) (29)
cos(8,)  cos (ﬁ‘r + 23—7) cos (Sr — 23—7)
=L_.|cos (8,, — 23—7) cos (6,) cos (.9,, + 23—7) 31
cos (ﬂr + 23—7) cos (ﬂr - 23—7) cos (6,)

Where:Lg, = % (32)

The stator and rotor inductances are not function
of rotor position, but the stator-to-rotor
inductances are.

Voltage Equations

Since we have analytically conceived that the
three-phase induction motor has three-phase
distributed windings and displaced from one
another by 120 degrees, each of the stator and
rotor winding circuits have the same form of
voltage equations. These equations are written
according to KVL in the form:

d
V =IR+=(LD) (33)

Here, V is the voltage vector which can be
written as:

V= [Vs VR] = [VAS VBS’ Vc.s' VAR VBR VCR]T (34)
I, the current vector also given as:
I =[Is Ig] = [las IgsIcs Lag Ipg Icr]” (35)

The resistance matrix is a six by six matrix of
which each winding resistance occupies a whole
row and column. It has the form:
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0 0
Rgs O zero(3x3)
0 Res
Rap 0 0 (36)
zero(3x3) 0 Rgr O
0 0 Rgr
R =diag[R.R; R, R, R, R,] (37

The inductance L given in (33) is expressed as:
L L
L = [LSS SR] (38)
RS

Lgg
Where, Lgs, Lsg, Lrs and Lggr are as given in
(19), (22) and (31).

Solution of the Voltage Equation

The voltage equation (33) of the three-phase
induction motor under study is a differential
equation. Owing to this, the most amenable way
of solving it is by integration with solution will
be aimed at determining the current I. With the
inductance L being a function of rotor position

(on account of the stator-rotor mutual

inductance), one can re-write (33) as:

V=IR+L(6,)%+1%(L®,)) (39)

T dt dt r

But,

d __d , a0

dt  de,  dt (40)

Also,

agy _

= (41

Equation (39) becomes:

V=IR+ L(Gr)— +lw - (L(e,,)) (42)

Making % subject of formula in (42):

ar V—I(R—m"zé‘jf‘))

dr L8, (43)
dL(8,)

= [v-1(R-w L )] (L(6,)) " (44)

Equation (42) shows that to calculate % at every
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time step, the derivative of the 6 x 6 inductance
matrix and its inverse needs to be calculated prior
to determining the algebra of (44).This is very
cumbersome in view of the usual minuteness of
time variation for which such calculations have
to be performed in order to yield a very accurate
solution. However, this is the price to be paid for
discarding the popular dimensionless d-q model
in favour of this dimension-based phase variable
model.

The Torque Equation in Phase Variables for
the Healthy Induction Motor

Deducing from co-energy, the torque equation of
the induction machine under consideration can be
found from:

17 OL(8,)
Te_E[I] a—e,r[‘f] (45)

We now know that for this machine, only Lsg =

Lsg component of L have dependence on &,., as
only this component of inductance will produce
torque. Hence, (45) can be reduced to:

T, =5 [Us] %58 [Ig] (46)
[Is]" = [as- Ips-Ics1”

(47)

[IR]T= g - IBR'ICR]T (43)

And, Lgsgr (0;) is the inductance matrix in phase
variable form given in (31). The mechanical
equation of motion of the moving rotor is needed
too and is:

Te—TL
PWy =P X —/—

7 (49)

In (49), Ty is the load torque and J is the moment
of inertia of the moving rotor and any
accompanying load. The derivative of the stator
to mutual inductance matrix is needed as in (44)
and in evaluation of the dynamic torque in (46).
This derivative has been evaluated as:

dlsg _
dag,

dlpg
ag,

(50)
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Lasar  Laspr Lascr
= |Lpsar Lsar Lscr (51)
Lesar  Leser Lescr
sin(8,.) sin (Sr + ?) sin (ﬂr — ?)
i n ; : 2w
=—L,.|sin (ﬁ'r - ?) sin(8,.) sin (ﬂr + ?) (52)

sin (Sr + ?) sin (Eir — ?) sin(8,.)

In simulating the 3-phase induction motor
eccentric model, a set of parameters of a three-
phase induction motor was used. For this study,
we chose a three- phase induction motor whose
parameters are shown in Table 1. The simulation
results showing rotor speed, stator currents, rotor
currents, electromagnetic torque and dynamic
speed-torque plots are shown in Figs. 5, 7, 9, 11
& 13.

2.2 Model of the Eccentric Induction Motor
Consider Fig. 4 which shows the schematic
cross-sectional diagram of both a healthy and
eccentric induction motor. The departure from
uniform air gap in the eccentric motor can be
caused by any of the following: misalignment
during installation or wear due to long period of
operation of the bearing, unbalanced magnetic
pull owing to minor inaccuracies in slotting
positions  around the stator  periphery,
misalignment of the load or rotor axis or
mechanical resonance in some critical loads
especially for machines that run under varying
load conditions, etc.

-} - Stator axis ___Stator axis

ﬁ'

B

|
I
|
|
|
|
|
I
|
|
|
|
|

0, 2w
(@) (b)
Fig 4 Schematic diagram of induction motor showing
the air gap functions under (a) healthy and (b) eccentric
modes

Under eccentric conditions, the volume of the air
gap will remain the same, but the air gap
becomes smaller in some regions and then
becomes bigger in other regions. This will
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naturally mean that the energy conversion will
not change but the torque, fluxes, currents and
other state variables will assume irregular shapes
which will then lead to a distorted operation of
the motor. The degree of these distortions will
depend on the magnitude of eccentricity. Within
the limits of manufacturing error, one can
rightfully say that no induction motor can operate
in a healthy condition and therefore every motor
operates under eccentricity. It is the degree of
eccentricity that therefore matters.
It is easy to see that the air gap of the normal (or
healthy machine) shown in Fig. 4(a) is
independent of the position of the rotor — the air
gap 1s uniform and can be easily described as
(10). In the case of the eccentric motor, the air
gap is as shown in Fig. 4(b). Using curve-fitting
techniques, it is shown that the model of the air
gap becomes:

(53)

Here, g0 is the air gap under normal conditions, p
is the degree of eccentricity which ranges from
0.0 (healthy conditions) to 1.0 (highest level of
eccentricity in which the rotor statically rubs on
the stator. Equation (53) is derived on the
condition that the deviation in the rotor does not
affect the actual shape of the rotor; rather, it only
affects its displacement from original mechanical
rotating axis by virtue of any of the causes of
eccentricity mentioned earlier. From literature,
eccentricity degrees of 0.7 and above are not
tolerable because centrifugal forces will further
tend to move the rotor further to rub on the stator
if eccentricities reach such high values
(Joksimovic et al., 2000; Faiz & Ojaghi, 2009;
Faiz et al., 2010).

To validate and visualize the extent of rotor
departure from normalcy as given in equation
(53), an m-file was developed in MATLAB for
eccentricity values ranging from 0.0 to 1.0 in
steps of 0.2 and for g 0 = 0.7mm. The graphs
generated for this air gap condition are as shown
in Fig. 6.

Stator Inductances
Using the already deduced winding MMFs and
(3), the stator inductances were:
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2m N 45(@) XN g5()
EL 0,) = uoRL = ="d 54
asas(0,) = o fo (@0 @ (54
_ 27 Nicos(p,@)xNgcos(p,@)
= MoRL g 9o peosty) P (55)
uoRLzNZ
= MoRImNs 56
g0(1-pcos(8,)) (56)
Using similar approach, we can write that:
pHoRLEN?
= — _FoRImNs 57
ELass 2go(1-pcos(6,) (57)
[ELssas  ELasps  ELascs
ELgs = |ELpsas Elpsps Elpscs (58)
LELcsas  Elgsps  Elgscs
— 1 1 _%
= ELps _% 1 _% (59)
1
—z 2z 1
Where: EL,, in this case is,
2
EL poRLTNS (60)

ms " go(1-pcos(8,))

Rotor Inductances
The rotor inductances were also derived to be in

the form:
[ELjrar  ELasgpr  ELagcr
ELgg = |ELgrar ELprpr ELpggcr (61)
|ELcpar  ELcrpr  Elcper
[ 1 1 1
2 2
1 1
[_ 1y
2 2
Where, EL,,, in this case is:
2
EL,, =0Tk (63)

go(1-pcos(6,))

Stator to Rotor Inductances

The stator-to-rotor inductances require a careful
handling on the grounds that the rotor-position
dependent air gap is now to be integrated with
the MMF equations which are also dependent on
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rotor position. The inductances are found as
follows:

2

_ m Nscos(prp)xNgcos(pr(p—6;))
= MoRL, 90(1-p cos(6,)) de (65)
_ poRLmNGN,
= ol1-peos(8,) *O° @) (66)
Similarly, ELssgr Will be:

_ 2 N ys(@)xNggple8,)
ELyspr(0;) = poRL Jy =5= T =m == (67)
B 2r Nycos(p,g) xNgcos(p,(p—6,)-2)
= HoRL jl) go(1-p cos(6;)) d(p (68)
_ poRLmNGN, 2_7{
— Bl cos (6, +3) (69)

Progressively, the stator to rotor inductance
matrix:

ELsgp = ELgs (70)
ELgsar  ELpspr  Elpscr
= |ELpsar ELpspr ELpgscr (71)
ELcsap  ELcspr  Elcscr
cos (8,) cos (ﬂr + 2?11:) cos (8?. - 23—“)
Im I
=EL,, |cos (9,. - ?) cos(8,)  cos (9,, + ?) (72)
cos (8,. + 23—“) cos (8,. — 2?11:) cos (6,.)
Where:
EL,, poRLANN,. (73)

- g(1-pcos(@y))

It 1s now necessary to plot the inductances with
respect to rotor position for the eccentric
machine. Thus, Figs. 14 to 18 show the
inductances for eccentricities of p = 0.1 and 0.4.

Derivative of Machine Inductance Matrices
for the Eccentric Motor

For the normal induction motor, only the
derivative of Lgg is needed as derivatives of Lgg
and Lyrr will become zero on the account of their
non-dependence on ©O,. However, for the
eccentric motor, all the inductance matrices ELgg,
ELrr and ELgr will need to be differentiated as
they will be needed while evaluating (44) in the
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time-stepping simulation.
These derivatives are:

1 L1 _1
2
dElyy _Hu{?LﬂN?P_sin(?;) |-t 1 1 (74)
df,. glpcos(f,)—1) 2 2
I
2 2
1 -1 1
dEL 2 psin(0,.) 1 : i
RR _ HoRLTNy: psin(0,. 1 1
do, - glpcos(8,)— 1) X 2 1 2 (75)
1 1
-—- —- 1
dELsgp _ dELgs : :
4o, _ do, (76)
—sin (er) fp (p' gr) fn (p' 81‘)
= | fa(p 0, —sin(®,) fu(p.6)| (T7)
' fp (p' gr) f?i (p' 81‘) —sin (gr)
Where:
_[+3 . 2
fo(0.0,) = (;p —sin (0, + ;)) (78)
And,
. (2 3
falp.0) = (sin(F — 0,)=Fp) (1
Torque Equation of the Eccentric IM
Equation (46) deduced from co-energy

considerations is still valid for torque of the
eccentric motor provided that the air gap function
is clearly embedded in the inductance
calculations prior to taking the derivatives of the
torque expression. It should be emphasized here
that the entire machine inductance matrix which
is of size 6 by 6 is now used in the torque
calculation as against the use of Lgg only in
normal induction motor. Using (74), (75) and
(76), the torque equation evaluated as in (46) will
lead to an expression that is too long to write
here. Suffice it to say that in the phase variable
model under consideration, this expression is not
needed as it cannot ordinarily on its own lead to
any physical interpretation of the machine
performance.

3. RESULTS AND DISCUSSION:

For this study, we chose an 11KW three-phase
induction motor whose parameters are shown in
Table 1. The simulation results showing rotor
speed, stator currents, rotor currents,
electromagnetic torque and dynamic speed-
torque plots are shown in Figs. 6, 8, 10, 12 and
14.
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3.1 Simulation of the Eccentric 3-Phase
Induction Motor

We undertook the simulation using the same set
of parameters defined in Table 1 but for differing
degrees of eccentricity. As a base check, a value
of p = 0 is chosen and the results obtained tallies
with that of a healthy induction motor studied
above. The simulation results for Eccentric 3-
Phase Induction motor showing rotor speed,
stator currents, rotor currents, electromagnetic
torque and dynamic speed-torque plots are
depicted in Figs. 6, 8, 10, 12 and 14 depict how
the eccentricity fault impact on the respective
parameters studied.

Table 1: Parameters of the Simulated 11 KW 3-Phase
Wound Rotor Induction Motor

Parameter Value and Unit
No of poles, p 6

Motor resistance, R 115mm
Air gap length, L 240mm
Rotor turns, Nr 100 turns
Stator turns, Ns 135 turns
Frequency rated, f 50Hz
Stator resistance, Rs 0.85Q
Rotor bar resistance, Rr 0.23Q
Rotor inertia, J 1.56kg/m’
Stator inductance, Lls 0.0024mH
Rotor inductance, Lir 0.0024mH

Figs. 5, 7, 9 and 11 are for the healthy 3-phase
motor performance. To validate and visualize the
extent of rotor departure from normalcy, an m-
file was developed in MATLAB for eccentricity
values ranging from 0.0 to 1.0 in steps of 0.2 and
for go= 0.7 mm. The graphs generated for this air
gap condition are as shown in Fig 5.
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Fig 5 Rotor Speed Waveform from Simulated Healthy Eccentric 3-Phase Induction Motor
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From Fig. 19, it is easy to see that for p>0.7, g,
goes higher than 1.0 at some points and hits zero
at lowest values thereby validating the literatures
cited earlier. Owing to the departure of the rotor

i

from its nominal position as has been established,
it is evident that the machine inductances must be
recalculated with the new air gap function.

4. CONCLUSION:

In this paper, computer simulations for both
healthy or concentric and eccentric induction
motors were implemented using the matrices of
integral calculus of the modeled circuitry voltage
equation for a three-phase induction motor which
is a differential function to generate the various
characteristic waveforms of the motor quantities.
These quantities are the speed, the current and
the electromagnetic torque. The sum of effective
inductances to develop an electromagnetic torque
were modeled analytically. This work provides a
proven MATLAB code that can be used by
manufacturers of induction motors to assist in
designing improved three-phase induction motors
with little or no susceptibility for eccentricity
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